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ABSTRACT
Intrinsically aligned galaxy shapes are one of the most important systematics in cosmic shear
measurements. So far theoretical studies of intrinsic alignments almost exclusively focus on
their statistics at the two-point level. Results from numerical simulations, however, suggest
that third-order measures might be even stronger affected. We therefore investigate the (an-
gular) bispectrum of intrinsic alignments. In our fully analytical study we describe intrinsic
galaxy ellipticities by a physical alignment model, which makes use of tidal torque theory. We
derive expressions for the various combinations of intrinsic and gravitationally induced ellip-
ticities, i.e. III-, GII- and GGI-alignments, and compare our results to the shear bispectrum,
the GGG-term. The latter is computed using hyper-extended perturbation theory. Consider-
ing equilateral and squeezed configurations we find that for a Euclid-like survey intrinsic
alignments (III-alignments) start to dominate on angular scales smaller than 20 ′ and 13 ′,
respectively. This sensitivity to the configuration-space geometry may allow to exploit the
cosmological information contained in both the intrinsic and gravitationally induced elliptic-
ity field. On smallest scales (ℓ ∼ 3000) III-alignments exceed the lensing signal by at least
one order of magnitude. The amplitude of the GGI-alignments is the weakest. It stays below
that of the shear field on all angular scales irrespective of the wave-vector configuration.
Key words: gravitational lensing: weak – methods: analytical – large-scale structure of Uni-
verse
1 INTRODUCTION
The unprecedented precision being in reach of forthcoming galaxy
surveys like DES1 and Euclid2 brought systematic effects in weak
lensing observations into focus. Key among these is the intrinsic
alignment of galaxy shapes mimicking the lensing signal (see Kirk
et al. 2012, for an overview). By now, intrinsic alignments have
been detected not only in numerical simulations (Heymans et al.
2006; Kuhlen et al. 2007) but also in a number of Sloan Digi-
tal Sky Survey samples (Okumura et al. 2009; Mandelbaum et al.
2011). Other, non-astrophysical, systematics result from the shape
measurement process (e.g. Kitching et al. 2012) and photometric
redshift errors (e.g. Abdalla et al. 2008).
Conventional weak lensing analyses concentrate on the two-
point statistics of the cosmic shear field: its correlation function or
equivalently its power spectrum (e.g. Kamionkowski et al. 1998).
But also higher-order statistics, specifically the three-point corre-
lation function and the corresponding shear bispectrum, contain
valuable cosmological information, which is not directly accessi-
⋆ e-mail: philipp.merkel@urz.uni-heidelberg.de
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ble from measurements of the power spectrum alone. In partic-
ular, the combination of both, shear power spectrum and bispec-
trum, allows to break several parameter degeneracies (Takada &
Jain 2003a; Vafaei et al. 2010). Furthermore, the weak lensing bis-
pectrum can be used to tighten constraints on the dark energy pa-
rameters considerably (Takada & Jain 2004; Kayo & Takada 2013).
(For a detailed overview of the complementary information content
of the weak lensing power spectrum and bispectrum see Kayo et al.
2013, and references therein.) In addition to that, Semboloni et al.
(2013) pointed out that the combination of second- and third-order
weak lensing statistics could help to discriminate between different
models of the baryonic feedback from galaxy formation on the mat-
ter distribution. The most recent detection of cosmic shear statistics
beyond the power spectrum has been carried out for the COSMOS
survey using the third-order moment of the aperture mass measure
(Semboloni et al. 2011).
In order to control the intrinsic alignment contamination at
the two-point level a variety of methods have been developed in the
past (King & Schneider 2002, 2003; Heymans & Heavens 2003;
Joachimi & Schneider 2008, 2009; Joachimi & Bridle 2010; Hey-
mans et al. 2013). In contrast to this, the efforts regarding higher
order statistics are relatively limited (despite their aforementioned
predictive power). Shi et al. (2010) exploited the different redshift
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dependence of intrinsic and lensing induced galaxy ellipticities
for removing the intrinsic alignment signal. This so-called nulling
technique, however, involves a nonnegligible loss of signal. Sup-
pression of intrinsic alignment contributions while conserving the
constraining power of the lensing signal is provided by the self-
calibration method proposed by Troxel & Ishak (2012). Most re-
cently, Shi et al. (2014) showed that an E/B-mode separation in
third-order aperture mass statistics may serve as a viable tool in
the search for weak lensing systematics like intrinsic alignments.
The removal or at least the suppression of intrinsic alignment con-
tributions to higher-order statistics appears to be of particular in-
terest as results from numerical simulations suggest that they may
exceed the lensing signal by up to an order of magnitude depend-
ing on the survey’s median redshift (Semboloni et al. 2008). Apart
from its role as a contaminant in the context of gravitational lens-
ing, the intrinsic ellipticity field carries valuable information about
both galaxy formation and evolution. Thus, a pronounced signal at
the three-point level could possibly offer a way to access this in-
formation. In both cases, a profound theoretical understanding of
intrinsically aligned galaxies beyond the two-point function is de-
sirable. In this work we study analytically the bispectrum of intrin-
sic alignments. Our starting point is a physically motivated model
for the intrinsic ellipticity field (Catelan et al. 2001). This so-called
quadratic alignment model has already been successfully applied
in several studies on intrinsic alignments (Crittenden et al. 2001;
Mackey et al. 2002; Hirata & Seljak 2004; Capranico et al. 2013).
As a first step we extend the commonly used observables of
the intrinsic ellipticity field, its E- and B-mode, by the scalar el-
lipticity, i.e. its modulus (Section 3). We then derive expressions
for the angular bispectra of the various combinations of these three
observables (Section 4). In addition to the pure intrinsic ellipticity
bispectra, III-alignments (Section 4.2), we investigate mixed bis-
pectra, too. These involve the E-mode of the cosmic shear field
once and twice in case of GII- and GGI-alignments, respectively
(Section 4.3). The decisive quantity our findings need ultimately
to be compared to is the weak lensing bispectrum. To this end we
evaluate our expressions numerically for two distinct wave-vector
configurations: We consider equilateral and flattened triangles as-
suming a galaxy survey comparable to the forthcoming Euclid mis-
sion (Section 4.4). We conclude in Section 5.
Throughout this work we choose a spatially flat wCDM cos-
mology as reference. The relevant equations of the homogeneous
background and (linear) structure growth are briefly summarized in
Section 2. To be specific we adopt for the dark energy equation-of-
state parameter the value w = −0.9. The share of matter in the Uni-
verse’s energy density amounts to Ωm = 0.25 including the small
contributions from the baryons Ωb = 0.04. The initial fluctuations
in the cold dark matter (CDM) component are assumed to be adia-
batic and are characterized by the spectral index ns = 1 and an am-
plitude corresponding to σ8 = 0.8. Finally, we set for the Hubble
function evaluated today H0 = 100 h km Mpc−1 s−1 with h = 0.72.
2 COSMOLOGY
The expansion of the homogeneous background in a spatially flat
Friedmann-Lemaıˆtre-Robertson-Walker universe is governed by
the Hubble function
H2(a) = H20
(
Ωm
a3
+
1 −Ωm
a3(1+w)
)
, (1)
where Ωm describes the matter content (in units of the critical den-
sity) and the equation-of-state parameter of the dark energy fluid
is assumed to be constant. As time parameter we have chosen the
scale factor a. Its relation to comoving distance χ is given by
χ = c
∫ 1
a
da
a2H(a) . (2)
Consequently, the Hubble distance χH = c/H0, setting the scale
up to which Newtonian gravity is applicable, is the natural unit of
(comoving) distances.
In the linear regime the evolution of the cosmic density field δ
is independent of scale and completely described by the growth
function D+(a), i.e. δ(k, a) = D+(a)δ0(k) (normalized to unity to-
day). The growth function in turn is the solution of the growth equa-
tion (Turner & White 1997; Wang & Steinhardt 1998; Linder &
Jenkins 2003)
d2
da2 D+(a) +
1
a
(
3 + d log Hd log a
)
d
da D+(a) =
3
2a2
Ωm(a)D+(a). (3)
Being a statistically homogeneous and isotropic Gaussian random
field the fluctuations of the linearly evolving density field are fully
characterized by its power spectrum
〈
δ(k)δ∗(k′)〉 = (2pi)3δD(k − k′)Pδδ(k). (4)
In this work we will be more often concerned with the statistics of
the Newtonian gravitational potential Φ instead. We shall therefore
make use of the (comoving) Poisson equation
− k2Φ(k, a) = 3
2
ΩmH20
a
δ(k, a) (5)
to mediate between both dynamical fields. The ansatz for the mat-
ter power spectrum is a power law modulated by an appropriate
transfer function
Pδδ(k) ∝ kns T 2(k) (6)
with
T (q) = log(1 + 2.34q)
2.34q
(
1 + 3.89q + (16.1q)2 + (5.46q)3
+ (6.71q)4
)− 14 (7)
(Bardeen et al. 1986). Rescaling of the wave-number q = k/Γ by
the shape parameter
Γ = Ωmh exp
−Ωb
1 +
√
2h
Ωm

 (8)
accounts for the influence of a nonvanishing baryon density Ωb
(Sugiyama 1995). Finally, the power spectrum is normalized to the
variance of the linearly evolved density field smoothed by a top hat
filter on the scale R = 8 Mpc h−1
σ2R =
1
2pi2
∫ ∞
0
k2dk W2(kR)Pδδ(k). (9)
The Fourier transform of the top hat filter can be expressed by the
first order spherical Bessel function j1(x) (Abramowitz & Stegun
1972): W(x) = 3 j1(x)/x. Nonlinear structure growth enhances the
fluctuations on small scales. The resulting corrections to the mat-
ter power spectrum are well captured by the fit suggested by Smith
et al. (2003) which is gauged to the results of cosmic structure for-
mation simulations.
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3 INTRINSIC GALAXY ELLIPTICITIES AND WEAK
GRAVITATIONAL LENSING
3.1 Weak gravitational lensing
Light emitted by distant galaxies is deflected by the gravitational
potentials of the intervening large-scale structure. The observer de-
tects light-rays originally starting from position β at the lensed
position θ. Consequently, gravitational lensing alters the observed
shape of the galaxies. In a locally linearized form this effect is cap-
tured by the Jacobian of the lens mapping
A = ∂β
∂θ
=
(
1 − κ − γ+ −γ×
−γ× 1 − κ + γ+
)
. (10)
The convergence κ describes the isotropic change in size of the im-
age, while the two shear components γ+ and γ× encode the defor-
mation of the source galaxy. Choosing the z-axis as line-of-sight,
the γ+ component describes the stretching in the x − y directions.
The stretching along axes rotated by 45◦ is given by γ×. Rota-
tions of the image may not be generated in this linearized treatment
(see Bartelmann & Schneider 2001, for a comprehensive review on
gravitational lensing).
All quantities can be computed from second derivatives of the
lensing potential φ (which we formulate here in Fourier space for
convenience)
κ(k) = −1
2
(k2x + k2y )φ(k), (11)
γ+(k) = −12 (k
2
x − k2y )φ(k), (12)
γ×(k) = −kxkyφ(k). (13)
The lensing potential itself is given by the line-of-sight projection
of the Newtonian gravitational potential Φ. In a spatially flat uni-
verse where (comoving) angular diameter distance and comoving
distance coincide we have
φ(k, χ) = 2
∫ χ
0
χ′dχ′ χ − χ
′
χ
Φ(k, χ′). (14)
So far, we have not taken the redshift distribution of the lensed
population of background sources into account. We therefore intro-
duce the following weighting
κ(k) = −(k2x + k2y )
∫ χH
0
dχWκ(χ)Φ(k, χ), (15)
where the lensing efficiency function is defined by
Wκ(χ) = χ
∫ χH
χ
dχ′n(z) dz
dχ′
χ′ − χ
χ′
. (16)
The expressions for the shear components are generalized in com-
pletely the same way. For the redshift distribution of lensed back-
ground galaxies we use the common parametrization
n(z) = n0
(
z
z0
)2
exp
−
(
z
z0
)β dz with 1
n0
=
z0
β
Γ
(
3
β
)
. (17)
In our analysis we choose β = 3/2 and z0 = 0.64 corresponding to
a median redshift of 0.9 as anticipated for Euclid (Amendola et al.
2013).
While the convergence is a scalar quantity, the shear compo-
nents constitute a spin-2 field which is most conveniently recast
in a complex notation γ = γ+ + iγ× = |γ| e2iϕ. As for any spin-2
field a decomposition in its parity conserving (E-mode) and par-
ity violating (B-mode) part proves advantageous (Stebbins 1996;
Kamionkowski et al. 1997; Crittenden et al. 2002)
k2E(k) = (k2x − k2y )γ+(k) + 2kxkyγ×(k), (18)
k2B(k) = −2kxkyγ+(k) + (k2x − k2y )γ×(k). (19)
Plugging in explicitly the expressions for the shear components
(equation 12 and 13), it turns out that the E-mode coincides with
the convergence (11), while the B-mode identically vanishes. As a
consequence, the statistics of cosmic lensing is entirely described
by the (angular) power spectrum of the convergence, provided that
the Newtonian potential can be treated as Gaussian random field.
Carrying out an appropriate Limber projection (Limber 1953) the
convergence spectrum is given by
Cκκℓ =
∫ χH
0
dχ
χ6
W2κ (χ) ℓ4PΦΦ(k = ℓ/χ, χ). (20)
Statistics beyond the power spectrum only become important when
the late time nonlinear growth of density perturbations is consid-
ered (see Section 4.1).
3.2 Intrinsic galaxy ellipticities
As seen before, cosmic lensing introduces a shear in the shape of
the source galaxy. In addition to this there is also an intrinsic shear,
i.e. ellipticity, of the lensed galaxy which is analogously described
by a spin-2 field. For spiral galaxies with a thin disk the intrinsic
ellipticity can be related to the direction of its angular momentum
ˆL ≡ L/L assuming that the disc forms perpendicular to the spin
axis (Crittenden et al. 2001; Mackey et al. 2002)
ǫ = ǫ+ + iǫ× = |ǫ| e2iϕ (21)
with
ǫ+ = α
ˆL2x − ˆL2y
1 + ˆL2z
, ǫ× = 2α
ˆLx ˆLy
1 + ˆL2z
and |ǫ| = α
ˆL2x + ˆL2y
1 + ˆL2z
. (22)
Again we assume that the z-axis of the coordinate system coincides
with the line-of-sight. The factor 0 < α 6 1 is a phenomenological
measure for the relative galaxy thickness. For perfectly thin discs
α = 1. Typically, one sets α ≃ 0.75 (Crittenden et al. 2001). The
mechanism responsible for the ellipticities of ellipticals is different:
Since their total angular momentum is rather small the intrinsic el-
lipticity is mainly determined by the velocity dispersion along the
principal axes of the three-dimensional ellipsoid. Our analysis will
focus on spirals only. They are the dominating type, in particular at
high redshifts, and outside clusters, i.e. in the field.
For further progress we assume now that the angular momen-
tum of a galaxy follows largely that of its host dark matter halo.
Then the theory of tidal torques allows to relate the angular momen-
tum acquired by the halo to the surrounding gravitational potential.
Thus, both intrinsic ellipticities as well as gravitational shear are
traced back to the same dynamical field. The statistics of the lat-
ter is well understood in linear theory where it is considered as
Gaussian random field. In this way, it is possible to address higher
order statistics of intrinsic ellipticities as well as mixed statistics
involving intrinsic and extrinsic shear. But before we proceed we
should mention that the key assumption of almost perfect align-
ment of the angular momentum of the galaxy and that of its host
halo is challenged by a number of structure formation simulations
(van den Bosch et al. 2002; Navarro et al. 2004; Bailin et al. 2005;
Bailin & Steinmetz 2005; Mayer et al. 2008; Kimm et al. 2011).
Furthermore, Libeskind et al. (2013) emphasized the importance of
vortical flows in addition to shear flows during the advanced stages
of the halo’s angular momentum acquisition and Aragon-Calvo &
Yang (2014) pointed at extensions to tidal torque theory necessary
c© 2014 RAS, MNRAS 000, 1–12
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for an explanation of the hierarchical spin alignment in the cos-
mic web. Nonetheless, our ansatz is well suited for an analytical
treatment which primarily aims at the understanding and possible
detection of the statistical properties of a large cosmological en-
semble. Our results provide upper limits on the intrinsic alignment
contamination of weak lensing data.
3.2.1 Angular momenta in tidal torque theory
In the framework of tidal torque theory (Hoyle 1949; Doroshkevich
1970; White 1984) the angular momentum of a dark matter halo is
built up by its inertia tensor
Ii j = Ωmρcrita3
∫
Γ
d3q (q − q¯)i(q − q¯) j (23)
and the tidal field tensor Φi j = ∂i∂ jΦ:
Li = a3H(a) dD+da εi jkI jlΦlk (24)
(see Scha¨fer 2009, for a review on galactic angular momenta).
More precisely, the angular momentum results from the misalign-
ment of the eigenframes of the two tensors. The inertia tensor is
derived from the second moments of the mass distribution of the
protohalo filling the Lagrangian volume Γ with center of mass q¯.
Obviously, q is a Lagrangian coordinate. Here and in the following
we adopt Einstein’s convention for the summation over repeated in-
dices. It is interesting to note that the time evolution of the angular
momentum completely factorizes due to the fact that tidal torque
theory makes use of the Zel’dovich approximation (Zel’dovich
1970; Catelan & Theuns 1996a; see Catelan & Theuns 1996b for
an inclusion of leading-order corrections from Lagrangian pertur-
bation theory). Linearly evolving fields are appropriate because the
formation of protogalaxies takes place at early stages. As an imme-
diate consequence the direction of the angular momentum becomes
time independent and thus the intrinsic galaxy ellipticity, too.
A complete analysis of the statistics, such as correlation func-
tions, of the galaxy angular momentum described by equation (24)
is quite involved, even in the case of Gaussian random fields
(Scha¨fer & Merkel 2012). Particularly, the calculation of the inertia
tensor is a sophisticated task because it needs to be evaluated at a
peak region in the cosmic density field from which the halo forms
by gravitational collapse. In order to overcome these difficulties
Mackey et al. (2002) proposed several simplifications the applica-
bility of which has been verified using the results from numerical
studies. Following the earlier work of Catelan et al. (2001), they
assume that for any individual galaxy the eigenframe moment of
inertia is the same, whereas the eigenframes follow an isotropic dis-
tribution. Supposing that two principle moments coincide the third
one defines a symmetry axis nˆ. Then the tensor of inertia takes the
remarkably simple form Ii j ∼ nˆinˆ j. Finally, Mackey et al. (2002)
neglect any correlation between the tidal field and the tensor of in-
ertia. This simplification is motivated by the fact that both fields
exhibit different correlation lengths. Correlations in the inertia ten-
sor mainly arise from smaller scales while those of the tidal field
are long-ranged. This separation of scales allows for a successive
averaging-process. First, one can average over the different possible
orientations of the inertia tensor and subsequently over realizations
of the tidal field. The expectation value of the angular momentum
for a given tidal field then reads
〈LiL j〉 =
1
15
(
εiklε jmnΦlmΦkn − ΦikΦ jk + δi jΦklΦkl
)
. (25)
Now, all statistical quantities can be derived from the primordial
gravitational potential.
3.2.2 Intrinsic ellipticity correlations
In principle, it would now be possible to compute the correlation
functions of the intrinsic ellipticities by combining equations (22)
and (25). However, in order to facilitate the actual computation
Mackey et al. (2002) suggested to drop the dependence of the in-
trinsic ellipticity on the z-component of the angular momentum and
to use
ǫ+ = C
(
L2x − L2y
)
and ǫ× = 2CLxLy, (26)
with an appropriately chosen constant C, instead. Capranico et al.
(2013) compared this ansatz to the one proposed by Crittenden
et al. (2001) who used the full relations of equation (22) but a
different angular momentum model. The resulting angular power
spectra of the intrinsic ellipticities do not differ substantially: The
functional shape of the spectra is much the same for both models
whereas its amplitude (normalized to the power on largest scales,
which are expected to be the least sensitive to the actual model) is
slightly smaller in case of the ansatz of Mackey et al. (2002). Inter-
estingly, both models predict similar ratios of E- and B-modes.
In our analysis we adopt a smaller numerical value for C than
that used in Capranico et al. (2013). It differs by a factor of five. By
construction this more conservative choice corresponds to smaller
correlations in the directions of the galactic angular momenta but to
larger correlations between the galaxies’ inertia and the tidal field
of the ambient matter distribution (see Crittenden et al. 2001, for a
detailed discussion).
The curl/gradient decomposition of the intrinsic ellipticity
field (26) according to equation (18) and (19) has already been car-
ried out by Mackey et al. (2002):
k2X(k) = C
15
∫ d3k′
(2pi)3 fX(k
′
⊥, k⊥ − k′⊥, k′z)ΦS(k′)ΦS(k − k′), (27)
where X ∈ {E, B}. The mode-coupling function fX contains all the
information about the various derivatives of the potential and the
corresponding orientation of the wave-vectors. The explicit expres-
sion for fX is relegated to Appendix A. Gradients along the line-of-
sight, i.e. in z-direction, are neglected. Thus, k⊥ = (kx, ky) denotes a
two-dimensional wave-vector perpendicular to the line-of-sight. As
a last technicality we briefly mention that the subscript of the New-
tonian potential indicates smoothing on the scale of galaxy sized
fluctuations (cf. equation 33).
In addition to the E- and B-mode we now introduce the scalar
ellipticity S
S ≡ |ǫ| =
√
ǫ2+ + ǫ
2
× = C
(
L2x + L
2
y
)
=
C
15
(Φxx − Φzz)2 + (Φyy − Φzz)2 + 2Φ2xy + 5Φ2xz + 5Φ2yz
. (28)
The Fourier representation of the scalar mode is given by
k2S (k) = C
15
∫ d3k′
(2pi)3 fS (k
′
⊥, k⊥ − k′⊥, k′z)ΦS(k′)ΦS(k − k′). (29)
in complete analogy to equation (27). The additional factor of k2
appears just to match the corresponding expressions for the E- and
B-mode. The explicit form of fS is given in equation (A2). Like
the gradient mode the scalar ellipticity is a true scalar quantity in
contrast to the curl mode which is a pseudo scalar.
c© 2014 RAS, MNRAS 000, 1–12
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In order to characterize the statistics of the scalar ellipticity we
calculate its power spectrum. To this end we invoke Wick’s theorem
to express the trispectrum of the gravitational potential in terms
of its power spectrum. Exploiting the symmetries of fS given in
equation (A5) we find the (three-dimensional) power spectrum
PS S (k) = 2C
2
225
∫ d3k′
(2pi)3 PΦSΦS (k
′)PΦSΦS (|k − k′|)
× f 2S (k′⊥, k⊥ − k′⊥, k′z). (30)
Analogous expressions hold for the power spectra of the E- and B-
mode replacing fS by fE and fB, respectively (Mackey et al. 2002).
The corresponding angular power spectrum follows as in case of
cosmic shear from an appropriate Limber projection
CS Sℓ =
∫ χH
0
dχ
χ2
W2ǫ (χ)PS S (k = ℓ/χ, χ) (31)
but with a different weighting function
Wǫ (χ) = n(z) dzdχ . (32)
The galaxy distribution n(z)dz is that of equation (17).
There are several important differences with respect to the
spectra of cosmic lensing. First of all, the gradient mode E
and the scalar ellipticity S are not identical. Furthermore, in-
trinsic alignments, derived from the quadratic model, do posses
a non-vanishing B-mode in contrast to the weak lensing field.
Consequently, there exist cross correlations between these two,
namely CS E
ℓ
. It can be obtained by replacing f 2S by the product fS fE
in equation (30). The corresponding correlations involving the B-
mode vanish identically because these are combinations of fields
with different parity. Due to the fact that in our approach intrinsic
alignments are quadratic in the gravitational potential there is no
cross correlation with the lensing induced ellipticity. The latter is
linear in the Newtonian potential and thus, the correlation of in-
trinsic ellipticities and cosmic shear involves the bispectrum of the
Newtonian potential, which vanishes as long as nonlinear correc-
tions are discarded. Thus, spectra of the form CκX
ℓ
, so-called GI-
alignments, (where X ∈ {S ,E, B} as before) are identically zero.
Correlations of this form, however, do arise in the so-called linear
alignment model which relates the galaxy ellipticity directly to the
shear tensor (Catelan et al. 2001; Hirata & Seljak 2004). While the
quadratic ellipticity model used in this work applies primarily to
spiral galaxies, the linear model is well suited for the description of
elliptical galaxies.
In Figure 1 we plot the various intrinsic ellipticity angular
power spectra along with the corresponding weak lensing spec-
trum. The latter is shown for the linear and nonlinear case. For the
computation of the ellipticity power spectra we applied a Gaussian
filter function to the modes of the Newtonian potential
ΦS(k) = SR(k)Φ(k), SR(k) = exp
[
−1
2
(kR)2
]
. (33)
The smoothing scale R is chosen such that galaxy-like objects of
mass M = 1011 M⊙ are selected. Hence we set M = 4pi/3ΩmρcritR3.
We concentrate our discussion on the spectra of the scalar el-
lipticity and of its cross-correlation with the E-mode, which are
presented for the first time in this work. For a detailed discussion
of the curl and gradient mode spectra we refer to Mackey et al.
(2002); Capranico et al. (2013). We only note in passing that the
II-alignment signal stays below that of cosmic shear on any scale
even without accounting for the additional small-scale power due
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Figure 1. Angular power spectra of the intrinsic galaxy ellipticities and the
lensing induced shear. The cross spectrum of the intrinsic S - and E-mode
becomes negative for ℓ & 400. Therefore its modulus is shown here.
to nonlinear structure growth. This is in contrast to Capranico et al.
(2013) and stems from the fact that we employ a smaller value for
the constant C in equation (26), which enters the corresponding
power spectra quadratically.
It turns out that the scalar ellipticity S is the dominant intrinsic
alignment signal on all but the smallest scales (ℓ & 800), where it is
finally surpassed by the gradient mode. On large scales (ℓ . 100) its
amplitude exceeds that of the E-mode by about one order of mag-
nitude. Due to the complex mode coupling (in k-space) it is rather
difficult to identify the different contributions to the spectra from
individual multipole ranges. The different large-ℓ behaviour of S -
and E-mode, however, may be explained as follows: The scalar el-
lipticity is a measure for the total (intrinsic) ellipticity of the galaxy,
i.e. its deviation from a purely circular shape, whereas the gradient
mode contains in addition information about the galaxy’s orienta-
tion. It is physically intuitive that detailed information about the
orientation is more confined to the galaxy’s neighbourhood than
information about the (intrinsic) shape distortion. Correlations in S
are therefore longer-ranged than those in E. Thus, there is less
power in the E-mode on larger scales, i.e for smaller multipoles.
This small-ℓ dominance of the scalar mode is also recovered for
the corresponding bispcetra (see Section 4.4). Support for our in-
terpretation can be found by considering some typical numbers for
the different correlation lengths involved. The correlation scale of
the intrinsic E-mode is about one Mpc h−1 (Crittenden et al. 2001;
Scha¨fer & Merkel 2012), while that for galaxy sized fluctuations
in the cosmic large scale structure is typically five times larger
(Hawkins et al. 2003). This, however, serves only as very rough
and certainly oversimplified estimate to illustrate the differences in
the S - and E-mode.
The signal of the cross spectrum of scalar ellipticity S and E-
mode is the smallest. Only for large multipoles (ℓ & 1000) it starts
dominating over the B-mode. Most remarkably, the cross spectrum
becomes negative for multipoles ℓ & 400. Thus, for angular sepa-
rations smaller than half a degree the scalar ellipticity and the gra-
dient mode of the II-alignments are actually anti-correlated. This
underlines the different information content conveyed by S and E,
mentioned before. There is an important difference between gen-
eral shape distortions and their orientation.
c© 2014 RAS, MNRAS 000, 1–12
6 Philipp M. Merkel and Bjo¨rn Malte Scha¨fer
4 ELLIPTICITY BISPECTRA
Having computed the different power spectra for cosmic shear and
the various intrinsic ellipticity fields in the last section we now ad-
dress higher order statistics, namely the bispectrum. It is defined
by
〈
X(k)Y(k′)Z(k′′)〉 = (2pi)3δD(k + k′ + k′′) BXYZ(k, k′, k′′). (34)
Considering intrinsic ellipticities X, Y and Z can take on the values
S , E and B, whereas in case of weak gravitational lensing there is
only one observable, namely the gradient mode E. In order to dis-
tinguish it from the intrinsic ellipticity E-mode we denote it from
now on by κ, which is justified by the fact mentioned before that for
cosmic shear the gradient mode is identically to the convergence.
4.1 Cosmic shear bispectrum
Since the convergence is linear in the density contrast its bispec-
trum vanishes identically if corrections due to nonlinear structure
growth, which skews the distribution of the density field, are not ac-
counted for. When the density contrast approaches unity its Fourier
modes cease to evolve independently. The resulting mode coupling
can be computed in Eulerian perturbation theory (Bernardeau et al.
2002; Matsubara 2011). In the weakly nonlinear regime (δ . 1)
a first order calculation may suffice. Entering the highly nonlinear
regime (δ > 1) one has to resort to more elaborate methods (see
below). In order to get the tree-level contribution to the density bis-
pectrum one has to consider the second-order density perturbation
δ(2)(k, a) = D
2
+(a)
2
∫ d3k′
(2π)3 F(k
′, k − k′)δ(k′)δ(k − k′), (35)
with the mode-coupling function
F(k, k′) = 10
7
+
(
k
k′
+
k′
k
)
µ +
4
7
µ2, µ ≡ cos ∢(k, k′). (36)
The resulting bispectrum is then given by
Bδδδ(k1, k2, k3, a) =
∑
i, j=1,2,3
i, j
D4+(a)F(ki, k j)Pδδ(ki)Pδδ(k j). (37)
Exploiting the Poisson equation (5) one readily relates the density
bispectrum to that of the gravitational potential
BΦΦΦ(k1, k2, k3, a) = −
(
3
2
ΩmH20
)3 1
a3
Bδδδ(k1, k2, k3, a)
k21k22k23
. (38)
The two-dimensional flat-sky convergence bispectrum is then ob-
tained from equation (38) by means of an appropriate Limber pro-
jection (Limber 1953; Takada & Jain 2004)
Bκκκ(ℓ1, ℓ2, ℓ3) = −
∫
dχ
χ4
W3κ (χ) k21k22k23 BΦΦΦ(k1, k2, k3, χ). (39)
The weighting function Wκ is that of equation (16). Note that we
omit contributions along the line-of-sight, i.e. in z-direction. Thus,
the wave-vectors entering the bispectrum on the right-hand side of
equation (39) have to be understood as ki = (ℓi/χ, 0).
Besides the nonlinear evolution of cosmic structures primor-
dial non-Gaussianities make the matter bispectrum, and hence that
of the weak lensing convergence, non-vanishing (see e.g. Ko-
matsu 2010; Yadav & Wandelt 2010, for reviews on primordial
non-Gaussianity). Favouring squeezed configurations, as is evi-
dent from equation (36), the structure of the matter bispectrum
due to nonlinear clustering resembles that induced by primordial
non-Gaussianity of local type. The amplitude of the latter is char-
acterized by the so-called fNL parameter with fNL ∼ O(10) (Ko-
matsu et al. 2011; Planck Collaboration 2013). This, however, is
about three orders of magnitude smaller than the amplitude of
the structure formation induced bispectrum (e.g. Takada & Jain
2004; Scha¨fer et al. 2012). Contributions from primordial non-
Gaussianities are therefore not considered in the following.
4.2 Intrinsic ellipticity bispectra
We have seen that one can form naturally three observables from
the intrinsic ellipticity field, the modulus S and the E- and B-mode
of the complex intrinsic ellipticity field. All three fields are related
to the Newtonian gravitational potential via
X(k) = 1
15
C
k2
∫ d3k′
(2pi)3 fX(k
′
⊥, k⊥ − k′⊥, k′z)ΦS(k′)ΦS(k − k′), (40)
for X ∈ {S , E, B}. Since the Newtonian potential enters quadrati-
cally in equation (40), the bispectrum contains the six-point func-
tion of the (smoothed) linear gravitational potential. Therefore the
intrinsic ellipticity bispectrum does not vanish. As discussed before
this is opposed to the three-point function of the cosmic shear field,
which is only nonzero provided that nonlinear clustering is taken
into account.
The first step in the computation of the intrinsic ellipticity bis-
pectrum is to break up the six-point function of the Newtonian po-
tential
F k1 k2 k3k′1 k′2 k′3 ≡
〈
ΦS(k′1)ΦS(k1 − k′1)ΦS(k′2)ΦS(k2 − k′2)
× ΦS(k′3)ΦS(k3 − k′3)
〉 (41)
into its reducible part by means of Wick’s theorem. Neglecting
terms which contribute only the zeroth mode, i.e. terms propor-
tional to δD(k), we are left with eight different terms
F k1 k2 k3k′1 k′2 k′3 = δ
D
k′1+k2−k′2
δDk′3+k1−k′1
δDk′2+k3−k′3
PΦSΦS (k′1)PΦSΦS (k′2)
× PΦSΦS (k′3) + k1, k′1 ↔ k2, k′2
+ δDk′1+k
′
2
δDk′3+k1−k′1
δDk2−k′2+k3−k′3
PΦSΦS (k′1)PΦSΦS (k′3)
× PΦSΦS
(∣∣∣k2 − k′2∣∣∣) + 5 perm. (42)
Here we have introduced the abbreviation
δDk+...+k′ ≡ (2pi)3δD(k + . . . + k′) (43)
for notational convenience. We then may rewrite the left-hand side
of equation (34) as
〈X(k1)Y(k2)Z(k3)〉 = 1k21k22k23
C3
153
3∏
i=1
∫ d3k′i
(2pi)3 F
k1 k2 k3
k′1 k
′
2 k
′
3
× fX(k′⊥1 , k⊥1 − k′⊥1 , k′z1 ) fY (k′⊥2 , k⊥2 − k′⊥2 , k′z2 )
× fZ(k′⊥3 , k⊥3 − k′⊥3 , k′z3 ) (44)
and carry out two of the k-integrations. Consequently, the intrinsic
ellipticity bispectrum takes the following form
BXYZ(k1, k2, k3) = 1k21k22k23
C3
153
8∑
i=1
Q(i)XYZ(k1, k2, k3), (45)
where the functions Q(i)XYZ are schematically given by
Q(i)XYZ(. . .) =
∫ d3k
(2pi)3 fX(. . .) fY (. . .) fZ(. . .)PΦSΦS (. . .)
× PΦSΦS (. . .)PΦSΦS (. . .). (46)
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The full expressions can be found in Appendix B.
The two-dimensional flat-sky bispectrum is obtained from
equation (45) via the corresponding Limber projection (cf. equa-
tion 39)
BXYZ(ℓ1, ℓ2, ℓ3) =
∫ dχ
χ4
W3ǫ (χ)BXYZ(ℓ1/χ, ℓ2/χ, ℓ3/χ). (47)
4.3 Cosmic shear-intrinsic ellipticity bispectra
So far we have considered the bispectra of the intrinsic and lens-
ing induced ellipticities separately. But mixed bispectra exist, too.
One can distinguish two different cases: GGI- and GII-alignments.
GGI-alignments occur when the light of two background galaxies
is distorted by a lens whose shear field aligns a foreground galaxy at
the same time. Accordingly, GII-alignments arise from the physical
situation of two intrinsically aligned galaxies in the foreground and
a third lensed background galaxy. The foreground galaxies need to
be close-by in redshift as well as in angular separation since the typ-
ical correlation length of II-alignments is of the order of about one
Mpc h−1 (e.g. Crittenden et al. 2001; Scha¨fer & Merkel 2012). Con-
figurations where the intrinsically aligned galaxy or galaxy pairs re-
side in the background are not expected to contribute because this
would require a matter structure being extremely largely extended
along the line-of-sight.
For the quadratic alignment model there are only GGI-
alignments present in linear theory because GII-alignments involve
the correlator of an odd number of potential modes. Odd corre-
lators, however, vanish if inhomogeneous clustering is not taken
into account. Thus, the linear contributions to the mixed bispectra
are given by correlators like 〈κ(k1)κ(k2)X(k3)〉. Including tree-level
corrections to the convergence gives rise to GII-alignments due to
terms of the form 〈κ(2)(k1)X(k2)Y(k3)〉 (X,Y ∈ {S , E, B}). These
corrections contribute also to the GGI-alignments via for instance
〈κ(2)(k1)κ(2)(k2)X(k3)〉. However, being quadratic in κ(2) these terms
are higher-order corrections and will not be considered in the fol-
lowing. It is interesting to note that different perturbation orders do
not intermingle, i.e. 〈κ(k1)κ(2)(k2)X(k3)〉 = 0 etc.
4.3.1 GGI-alignments
In order to compute the GGI-type bispectra we first bring the ex-
pression for the convergence field (15) into a form similar to that of
equation (40)
κ(k) = fκ(k⊥)Φ(k) (48)
with
fκ(k⊥) = −
(
k2x + k2y
)
. (49)
Here we have dropped the lensing kernel for simplicity. It will be
restored later, when we carry out the Limber projection to obtain
the flat-sky bispectra. Prior to that we have to evaluate the following
correlator
〈κ(k1)κ(k2)X(k3)〉 = C15
fκ(k⊥1 ) fκ(k⊥2 )
k23
∫ d3k4
(2pi)3 〈Φ(k1)Φ(k2)
× ΦS(k4)ΦS(k3 − k4)〉 fX(k⊥4 , k⊥3 − k⊥4 , kz4). (50)
We note that the structure is the very same as that of the tree-
level matter bispectrum. Thus, after applying Wick’s theorem no
k-integration remains:
BκκX(k1, k2, k3) = 215
C
k23
fκ(k⊥1 ) fκ(k⊥2 ) fX(−k⊥1 ,−k⊥2 , kz1)
×SR(−k1)SR(−k2)PΦΦ(k1)PΦΦ(k2). (51)
In order to simplify the expression we have made use of equa-
tion (A5).
As before the flat-sky bispectra are obtained from an appro-
priate Limber projection of equation (51). However, in case of the
mixed bispectra we have to account for the different weighting
functions and different time evolution of the fields under consid-
eration
BκκX(ℓ1, ℓ2, ℓ3) =
∫ χH
0
dχ
χ4
W2κ (χ)Wǫ (χ)
D2+(a)
a2
×BκκX(ℓ1/χ, ℓ2/χ, ℓ3/χ). (52)
At this point we should note that the equilateral GGI-bispectrum
involving the curl mode of the intrinsic ellipticity field is iden-
tically zero. This is an immediate consequence of the fact that
BκκB(ℓ1/χ, ℓ2/χ, ℓ3/χ) ∼ fB(ℓ1/χ, ℓ2/χ, 0) ∼
(
ℓ21 − ℓ22
)
(cf. equa-
tion A4).
4.3.2 GII-alignments
Since the bispectra of GII-type contain the tree-level convergence
the corresponding expressions become much more involved. As in
the case of the pure intrinsic ellipticity bispectra one has to evaluate
the six-point function of the Newtonian potential. In order to use
the results of Section 4.2 we aim at adopting the functional form of
equation (40) for the tree-level convergence.
We start in complete analogy to equation (48) with
κ(2)(k) = fκ(k⊥)Φ(2)(k), (53)
where the linearity of the Poisson equation (5) guaranties that
Φ(2)(k) = −3
2
ΩmH20
k2a
δ(2)(k). (54)
In the following we omit the time dependence of the convergence
field for clarity. It will be reestablished in the final expression for
the Limber projection. Defining the mode coupling function by
fκ(2)(k, k′) = −
(
3ΩmH20
)−1 1
k2
fκ(k⊥)F(k′, k − k′)k′2 (k − k′)2
×S−1R (k′)S−1R (k − k′) (55)
we arrive at
κ(2)(k) =
∫ d3k′
(2pi)3 fκ(2)(k, k
′)ΦS(k′)ΦS(k − k′). (56)
Thus, the corresponding GII-bispectra are given by
Bκ(2)XY (k1, k2, k3) =
1
k21k22k23
C2
152
8∑
i=1
Q(i)
κ(2)XY (k1, k2, k3). (57)
Restoring the correct time evolution the Limber projection then
reads
Bκ(2)XY (ℓ1, ℓ2, ℓ3) =
∫ dχ
χ4
Wκ(χ)W2ǫ (χ)
D2+(a)
a
×Bκ(2)XY (ℓ1/χ, ℓ2/χ, ℓ3/χ). (58)
From these findings the derivation of the next higher correc-
tion to the GGI-alignments is straightforward. We only state the
relevant expressions here for completeness
Bκ(2)κ(2)X(ℓ1, ℓ2, ℓ3) =
∫ dχ
χ4
W2κ (χ)Wǫ (χ)
D4+(a)
a2
×Bκ(2)κ(2)X (ℓ1/χ, ℓ2/χ, ℓ3/χ), (59)
with
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Figure 2. Equilateral bispectra of the gradient (solid blue) and scalar (red
circles) mode of the intrinsic ellipticity field along with the weak lens-
ing bispectrum as obtained from tree level (light blue dashed) and hyper-
extended (dark green triangles) perturbation theory. In addition the non-
vanishing mixed bispectra (GGI-alignments) are shown.
Bκ(2)κ(2)X(k1, k2, k3) =
1
k21k22k23
C
15
8∑
i=1
Q(i)
κ(2)κ(2)X(k1, k2, k3). (60)
Before we move on we would like to briefly contemplate
the expressions for the various types of bispectra. Comparing
eqution (39), (47), (52) and (58) we notice that they differ in three
distinct aspects, namely in their time evolution (attributed to struc-
ture growth), their mode-coupling structure as well as in their de-
pendency on redshift (manifest in the different weighting or effi-
ciency functions).
4.4 Results
In order to illustrate our results we first focus on the equilateral
configuration. We show in Figure 2 the intrinsic ellipticity bispec-
tra for the scalar and the gradient mode, S and E, respectively, as
an example. Their functional form is typical for all bispectra which
can be built from the various combinations of the three ellipticity
fields S , E and B. This is demonstrated in Figure 3, where we plot
several mixed bispectra normalized to that of the gradient mode be-
ing of largest amplitude. Bispectra involving an odd number of curl
modes do not vanish in general due to parity (in contrast to the cor-
responding power spectra). This can be most easily seen in the full-
sky formalism (e.g. Hu 2000). However, we observe that bispectra
containing one or more B-modes are significantly suppressed. The
reason for this suppression can be found in the mode coupling func-
tion fB (equation A4). In contrast to the corresponding expressions
for the scalar and gradient mode it is directly proportional to the dif-
ference in wave-vectors (more precisely to their modulus squared)
and therefore subjected to substantial cancellations, which do not
occur for the other two mode coupling functions. This suppression
for curl modes has already been encountered in Figure 1, where the
various ellipticity power spectra are shown. Accordingly, the more
curl modes are included the stronger the suppression of the cor-
responding bispectrum. Bispectra with more than one B-mode are
practically zero and are therefore not shown in Figure 3.
The amplitude of the intrinsic ellipticity bispectra is tremen-
dously large. Figure 2 suggests that it is by far the dominant small-
scale signal even for our rather conservative choice for C. It ex-
ceeds the cosmic shear signal obtained from first order perturbation
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Figure 3. Equilateral intrinsic ellipticity bispectra for various field combi-
nations. All spectra are normalized to the amplitude of the pure E-mode
bispectrum.
theory by about four orders of magnitude for ℓ ∼ 1000. On these
scales, however, the applicability of (tree level) perturbation theory
ultimately breaks down and more elaborated methods need to be
employed. These are hyper-extended perturbation theory (Scocci-
marro & Frieman 1999) on the one hand and the halo model ap-
proach (Cooray & Sheth 2002) on the other hand. The accuracy of
these models reaches the 10-30 per cent level with respect to the
amplitude of the three-point correlation function (Takada & Jain
2003a,b). In this work we use the fitting formula of Scoccimarro
& Couchman (2001) for the density bispectrum. This formula is
based on hyper-extended perturbation theory and we supply it with
the nonlinear matter power spectrum as suggested by Takada &
Jain (2004). Taking the density fluctuations enhanced by nonlinear
structure growth into account the lensing signal increases signifi-
cantly. The difference to the result from tree-level perturbation the-
ory amounts to more than three orders of magnitude on the smallest
scales. Nonetheless the signal of the intrinsic ellipticity bispectrum
is still much larger on these angular scales. Cosmic shear domi-
nates only on scales larger than 20 ′, i.e. for ℓ . 600. Finally, one
notices from Figure 3 that intrinsic ellipticity bispectra involving
the scalar mode S are enhanced on large scales with respect to the
pure E-mode spectrum (cf. our discussion at the end of Section 3),
whereas those containing vortical modes are suppressed on small
angular scales.
In order to investigate the geometrical dependence of the
shape of the bispectra we consider squeezed configurations next. In
this case two of the wave-vectors are almost perfectly anti-parallel
making the third one nearly vanish. Note that in case of mixed bis-
pectra one has to interchange the wave-vector and field index si-
multaneously, in other words BXYZ(ℓ1, ℓ2, ℓ3) is expected to be dif-
ferent from BXZY(ℓ1, ℓ2, ℓ3). To be specific we set ℓ1 = ℓ2 ≡ ℓ and
cos ∢(ℓ1, ℓ2) ≃ −1 in the following but we have confirmed that the
results for other representative choices are quite similar. We first fo-
cus on a comparison of III-, GGI- and GGG-alignments (Figure 4).
As before we choose the auto spectra of the gradient and scalar
mode as representatives of the intrinsic ellipticity field. We address
III-alignments of mixed type in Figure 5.
Looking at Figures 4 and 5 we see that the differences be-
tween the S - and E-mode bispectra are almost completely gone.
Only the discrepancy on large scales (ℓ . 100) remains but less pro-
nounced. Accordingly GGI-alignments containing either scalar or
c© 2014 RAS, MNRAS 000, 1–12
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Figure 4. Intrinsic ellipticity and cosmic shear bispectra for a squeezed
setup of the involved wave-vectors. To be specific we set ℓ1 = ℓ2 ≡ ℓ and
cos ∢(ℓ1, ℓ2) ≃ −1. Note that the tree level weak lensing bispectrum has
been omitted in this plot. The colour code is that of Figure 2.
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Figure 5. Squeezed intrinsic ellipticity bispectra for various field combina-
tions. The modulus of two of the wave-vectors is ℓ and the angle between
these two is very close to pi. All spectra are again normalized to the ampli-
tude of the pure E-mode bispectrum.
gradient modes become indistinguishable for the squeezed configu-
ration. Since the matter bispectrum favours flattened configurations
(cf. equation 36) the changes in the cosmic shear bispectrum are
most prominent. It is enhanced by more than two orders of magni-
tude. At the same time the amplitude of the III-alignments increase
only by a factor of about ten. Thus, the huge relative difference
between III- and GGG-alignments found for equilateral configura-
tions is considerably attenuated. In particular, the III-signal starts
dominating on much smaller scales (ℓ ∼ 900). Squeezed configu-
rations, therefore, provide direct access to the small-scale cosmic
shear bispectrum even in the presence of intrinsic alignments.
Figure 5 shows that for squeezed configurations III-
alignments including either scalar or gradient modes are virtually
identical on sub-degree scales in accordance with our previous find-
ing for GGI-alignments. Furthermore, we notice that the suppres-
sion of bispectra containing B-modes is even stronger than in case
of equilateral spectra. Here they are almost three orders of magni-
tude smaller than the pure E-mode bispectrum.
Before we go on we shall comment on the amplitude of the
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Figure 6. Contributions to the intrinsic ellipticity and cosmic shear bispec-
tra as a function of comoving distance for three different multipoles.
III-alignments. It is important to keep in mind that our results can
provide no more than an estimate limited by both the assumptions
having led to the model invoked for the intrinsic galaxy shapes and
the vague constraints on the model parameter C. This constant en-
ters our expressions cubed and they are therefore markedly sen-
sitive to the particular choice of its value. Thus, the amplitude of
the presented ellipticity spectra is of considerable uncertainty. Nev-
ertheless, also a more cautious choice for C, i.e. a smaller value,
would not change the general result that intrinsic alignments are
dominant or at least comparable to the weak lensing bispectrum on
small angular scales confirming results from numerical simulations
(Semboloni et al. 2008).
In Figure 6 we take a look at the contribution dBXXX (ℓ, ℓ, ℓ)/dχ
to the weak lensing and intrinsic ellipticity bispectra (S - and E-
mode), respectively, as a function of comoving distance. To be spe-
cific we show the equilateral configuration for three different mul-
tipoles (ℓ = 10, 100, 1000). One can easily retrace how the el-
lipticity bispectra start to dominate for small angular scales, while
being subdominant on large scales. It is interesting to note that the
comoving distance range, which contributes substantially to the III-
alignments, shrinks with increasing multipole order. This is in con-
trast to the contributions to the shear signal. Its functional form
rather stays the same for all three multipoles under consideration.
Furthermore, Figure 6 suggests that in comparison to the lensing
signal the two ellipticity bispectra receive contributions also from
smaller wave-numbers of the underlying cosmic density field.
5 SUMMARY
Intrinsically aligned galaxy shapes are considered as one of the
most severe contaminants in weak lensing measurements. How-
ever, most investigations of intrinsic alignments consider their
statistics at the two-point level only. In this paper we extended the
analysis to the three-point level and derived analytical expressions
for intrinsic ellipticity bispectra induced by angular momenta align-
ments.
(i) In order to describe the intrinsic galaxy shapes we employed
a physical alignment model which is quadratic in the cosmic tidal
field (Catelan et al. 2001). Consequently, our expressions for III-
alignments involve the six-point function of the primordial gravita-
tional potential. Restricting ourselves to Gaussian initial conditions
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we made use of Wick’s theorem to express the intrinsic elliptic-
ity bispectra in terms of the primordial power spectrum. Assuming
Gaussianity implies that there are no GII-alignments to first order
in our approach. GGI-alignments, however, do exist.
(ii) While the statistical properties of the cosmic shear field are
fully described by the convergence or E-mode, respectively, there
are in principle three different observables in case of intrinsic align-
ments. These are, in addition to the E-mode, the scalar ellipticity S
and the B-mode, which is, to lowest order, identical zero for cosmic
shear.
(iii) Since the scalar ellipticity has been considered in this work
for the first time we also presented its two-point statistics. The func-
tional form of its power spectrum is quite similar to that of the
other two observables. It is the dominant contribution to the intrin-
sic alignment signal on large angular scales. Due to parity only its
cross spectrum with the gradient mode is different from zero.
(iv) We presented analytical expressions for the bispectra of all
possible combinations of the three intrinsic ellipticity field compo-
nents (III-alignments) as well as for the bispectra resulting from
their combination with the weak lensing convergence (GII- and
GGI-alignments, respectively). To illustrate our findings we em-
ployed equilateral as well as squeezed configurations and compared
the results to the convergence bispectrum. The latter was computed
in hyper-extended perturbation theory in order to account for the
additional small-scale power due to nonlinear structure growth. For
the survey specifications we chose the Euclid mission as a refer-
ence.
(v) In case of equilateral configurations we found that III-
alignments start dominating on angular scales smaller than 20 ′,
whereas their signal is negligible for small multipoles. There, i.e.
for ℓ . 200, GGI-alignments are much more prominent but they are
more than two orders of magnitude smaller than the convergence
bispectrum. In general, it turned out that for all relevant scales spec-
tra containing the gradient mode of the intrinsic ellipticity field are
slightly enhanced with respect to those involving its scalar mode
instead. On the smallest scales (ℓ ∼ 3000) III-alignments exceed
the cosmic shear signal by about two orders of magnitude.
(vi) The situation is different for squeezed configurations.
Though intrinsic alignments remain the strongest signal on small-
est scales the difference with respect to GGG-alignments reduces to
a factor of ten. More important, their domination sets in on much
smaller scales (ℓ ∼ 900). This enlarges significantly the angular
range where the cosmic shear bispectrum is directly accessible. In
addition we find almost no differences between the bispectra made
of either the scalar or gradient mode on sub-degree scales. The sup-
pression of B-mode bispectra, also present in the equilateral setup,
is even further enhanced for flattened configurations.
(vii) Because of their high amplitude intrinsic alignments are
expected to be a severe contaminant in cosmic shear measurements
at the three-point level. The contamination is much stronger than
in case of the power spectrum. However, the distinct geometrical
dependence of III-alignments found in this work allows to miti-
gate their contaminating effect. While the lensing signal may be
faithfully recovered from squeezed configurations on intermediate
angular scales (ℓ . 500 − 600), the very strong III-signal present
in equilateral configurations may help to improve on their physical
modeling. For instance it could be useful in discriminating between
the so-called linear and quadratic alignment model because the bis-
pectrum of the former is identically zero to first order. Another
application one could think of is the determination of the model
parameter C, which is widely unconstrained by theory. Improved
knowledge of this parameter would in turn alleviate the separation
of intrinsic and gravitationally induced ellipticities at the two-point
level. Furthermore, one might even use the additional information
on III-alignments to extend the analysis of squeezed cosmic shear
bispectra towards larger multipoles.
Finally, we would like to emphasize that our results can only serve
as an estimate of the expected bispectra. Besides the simplifying
assumptions necessary for an analytical description of the intrin-
sic galaxy shapes it is mainly the poor information about the pa-
rameter C which determines the uncertainty of our results. Since
it enters the expressions for the III-alignments to the third power
the bispectra are highly sensitive to its particular value. But despite
these limitations, our analytical estimates consolidate previous re-
sults from numerical simulations (Semboloni et al. 2008) promot-
ing third-order statistics as promising way to investigate intrinsic
alignments and to distinguish them from weak gravitational lens-
ing.
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APPENDIX A: MODE COUPLING FUNCTIONS
The three different modes derived from the intrinsic galaxy ellip-
ticity field, S , E and B, all have the same structure
X(k) = 1
15
C
k2
∫ d3k′
(2pi)3Φ(k
′)Φ(k − k′) fX(k′⊥, k⊥ − k′⊥, k′z) (A1)
for X ∈ {S , E, B}. The corresponding coupling functions are given
by
fS (a, b, c) =
{
c2
[
2c2 − (a + b)2 − 3(a · b)
]
+ (a · b)2
}
(a+ b)2, (A2)
fE(a, b, c) = 12
(
2c2 − a2
) [
b4 + (a · b)2 − (a × b)2 + 2b2(a · b)
]
+
1
2
(
2c2 − b2
) [
a4 + (a · b)2 − (a × b)2 + 2a2(a · b)
]
+3c2
[
(a + b)2(a · b) + 2(a × b)2
]
(A3)
and
fB(a, b, c) =
(
c2 − a · b
) (
a2 − b2
)
(a × b). (A4)
Here a and b denote two-dimensional vectors and c is a real num-
ber. Obviously, fS and fE are scalars whereas fB is a pseudo scalar.
All three functions obey the following symmetries
fX(a, b, c) = fX(a, b,−c) = fX(b, a, c). (A5)
APPENDIX B: SOURCE FUNCTIONS
In this appendix we gather the explicit expressions of the eight
different configurations sourcing the intrinsic ellipticity bispec-
trum (45). They read
Q(1)XYZ(k1, k2, k3) =
∫ d3k
(2pi)3 fX
(
k⊥, k⊥1 − k⊥, kz
)
× fY
(
k⊥ + k⊥2 ,−k⊥, kz + kz2
)
fZ
(
k⊥ − k⊥1 ,−k⊥ − k⊥2 , kz − kz1
)
× PΦSΦS (k) PΦSΦS (|k + k2|) PΦSΦS (|k − k1|) , (B1)
Q(2)XYZ(k1, k2, k3) =
∫ d3k
(2pi)3 fX
(
k⊥, k⊥1 − k⊥, kz
)
× fY
(
k⊥ − k⊥1 ,−k⊥ − k⊥3 , kz − kz1
)
fZ
(
k⊥ + k⊥3 ,−k⊥, kz + kz3
)
× PΦSΦS (k) PΦSΦS (|k + k3|) PΦSΦS (|k − k1|) , (B2)
Q(3)XYZ(k1, k2, k3) =
∫ d3k
(2pi)3 fX
(
k⊥, k⊥1 − k⊥, kz
)
× fY
(
−k⊥, k⊥2 + k⊥,−kz
)
fZ
(
k⊥ − k⊥1 ,−k⊥2 − k⊥, kz − kz1
)
× PΦSΦS (k) PΦSΦS (|k − k1|) PΦSΦS (|k + k2|) , (B3)
Q(4)XYZ(k1, k2, k3) =
∫ d3k
(2pi)3 fX
(
k⊥, k⊥1 − k⊥, kz
)
× fY
(
k⊥ − k⊥1 ,−k⊥ − k⊥3 , kz − kz1
)
fZ
(
−k⊥, k⊥ + k⊥3 ,−kz
)
× PΦSΦS (k) PΦSΦS (|k − k1|) PΦSΦS (|k + k3|) , (B4)
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Q(5)XYZ(k1, k2, k3) =
∫ d3k
(2pi)3 fX
(
k⊥, k⊥1 − k⊥, kz
)
× fY
(
−k⊥, k⊥ + k⊥2 ,−kz
)
fZ
(
−k⊥2 − k⊥, k⊥ − k⊥1 ,−kz2 − kz
)
× PΦSΦS (k) PΦSΦS (|k − k1|) PΦSΦS (|k + k2|) , (B5)
Q(6)XYZ(k1, k2, k3) =
∫
d3k
(2pi)3 fX
(
k⊥, k⊥1 − k⊥, kz
)
× fY
(
−k⊥ − k⊥3 , k⊥ − k⊥1 , kz + kz3
)
fZ
(
k⊥ + k⊥3 ,−k⊥, kz + kz3
)
× PΦSΦS (k) PΦSΦS (|k − k1|) PΦSΦS (|k + k3|) , (B6)
Q(7)XYZ(k1, k2, k3) =
∫ d3k
(2pi)3 fX
(
k⊥, k⊥1 − k⊥, kz
)
× fY
(
−k⊥ − k⊥3 , k⊥ − k⊥1 , kz + kz3
)
fZ
(
−k⊥, k⊥ + k⊥3 , kz
)
× PΦSΦS (k) PΦSΦS (|k − k1|) PΦSΦS (|k + k3|) (B7)
and
Q(8)XYZ(k1, k2, k3) =
∫
d3k
(2pi)3 fX
(
k⊥, k⊥1 − k⊥, kz
)
× fY
(
k⊥ + k⊥2 ,−k⊥, kz + kz2
)
fZ
(
−k⊥ − k⊥2 , k⊥ − k⊥1 , kz + kz2
)
× PΦSΦS (k) PΦSΦS (k) PΦSΦS (|k + k2|) . (B8)
This paper has been typeset from a TEX/ LATEX file prepared by the
author.
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